For a space X, 2 X denotes the collection of all non-empty closed sets of X with the Vietoris topology, and K(X) denotes the collection of all non-empty compact sets of X with the subspace topology of 2 X . The following are known:
• 2 ω is not normal, where ω denotes the discrete space of countably infinite cardinality.
• For every non-zero ordinal γ with the usual order topology, K(γ ) is normal iff cf γ = γ whenever cf γ is uncountable.
In this paper, we will prove:
(1) 2 ω is strongly zero-dimensional.
(2) K(γ ) is strongly zero-dimensional, for every non-zero ordinal γ .
In (2), we use the technique of elementary submodels. For a space X , we let 2 X , resp. K(X), denote the collection of all non-empty closed, resp. compact, subsets of X .
We consider 2 X with the so-called Vietoris topology τ V , and K(X) its subspace. X is called the base space, and 2
X and K(X) the hyperspaces or the exponential spaces of X .
To describe τ V , we need some notation. For every finite family V of open subsets of X , let
Observe that V 2 X ∩ K(X) = V K(X) . Then the collection of all subsets of 2 X of the form V 2 X is a base for τ V .
Obviously, K(X) has the base of the form V K(X) . For the simplicity's sake, we will often write
For an open subset U of X , let
Then obviously, these sets form a subbase for τ V .
In the pioneering work [7] , E. Michael established basic properties of the hyperspaces. In particular, 2 X is Tychonoff iff X is normal, and K(X) is Tychonoff iff X is Tychonoff. Hence, 2 γ and K(γ ) are Tychonoff for a non-zero ordinal γ . It is known that 2 ω is not normal [3, 4] . Previously [5] , the first author showed that, for every non-zero ordinal γ , K(γ ) is normal iff cf γ = γ whenever cf γ is uncountable.
We recall that a space X is zero-dimensional if it has a base consisting of clopen sets (that is, simultaneously-closed-andopen sets), and strongly zero-dimensional if its Stone-Čech compactification β X is zero-dimensional. It is well known that X is strongly zero-dimensional iff its disjoint zero-sets are separated by a clopen set [2, 6.2.4 and 6.2.12]. Obviously, every strongly zero-dimensional space is zero-dimensional, but not vice versa even for metrizable spaces. For Lindelöf spaces, it is known that zero-dimensionality implies strong zero-dimensionality [2, 6.2.7] .
In the literature it is often investigated whether disjoint closed sets of a certain space X are separated by clopen sets. This property is equivalent to "normality plus strong zero-dimensionality."
Therefore we need to investigate strong zero-dimensionality itself. We note that 2 X is zero-dimensional if X is normal and strongly zero-dimensional [5, the comment after Lemma 6] , and
In this paper we will prove the following two theorems.
For the proof of the latter, we will use a countable elementary submodel of H(θ ) for some suitably large regular cardinal θ .
Proof of Theorem 1
The following lemma was first shown by the second author [8] (see also [2, 6.2.C(b)]), and is useful for our purpose. Here a cozero set is the complement of a zero set.
Lemma 1.
A space is strongly zero-dimensional iff every cozero set can be represented as the union of countably many clopen sets.
For the proof of Theorem 1, first, for every pair F ∈ 2 ω and n ∈ ω, let
Observe that S n (F ) = i∈F ∩n {i} − ∩ F + and hence, {S n (F ): n ∈ ω} is a decreasing neighborhood base at F in 2 ω . The following two claims are easy to prove.
Let U be a cozero set in 2 ω . We may assume
Now let for each n ∈ ω,
Proof of Claim 3. U ⊃ n∈ω A n is obvious. Let F ∈ U and take n 0 ∈ ω with f (F ) >
. By the continuity of f one can take The last two claims complete the proof of Theorem 1.
Proof of Theorem 2
We use the following basic lemma about K(γ ).
Lemma 2. ([5]) Let γ be a non-zero ordinal, F ∈ K(γ ) and V a finite collection of open sets in γ with
Then there are n ∈ ω and decreasing sequences {α i : i < n} and {β i : i < n} of ordinals in γ such that:
In this section, we use a countable elementary submodel of H(θ ) for some large enough regular cardinal θ . Note that this approach is somewhat different from the use of elementary submodels in Theorem 8 of [5] , where the cardinality of the elementary submodels are larger (in general not countable).
The proof of Theorem 2 is divided into six claims.
If γ is a successor ordinal, then it follows from the zero-dimensionality of γ and Proposition 4.13.1 and Theorem 4.2 in [7] that 2 γ = K(γ ) is zero-dimensional and compact therefore strongly zero-dimensional.
So we may assume that γ is a limit ordinal. To see that 
Obviously we have:
Then Z ⊂ [0, γ ] ∩ M and u can be considered as a function on γ onto Z , i.e., u : γ → Z .
Claim 1. We have the following:
Other properties are almost obvious.
(2): Let cf γ = ω. There is a strictly increasing cofinal sequence {γ n : n ∈ ω} in γ . By elementarity and γ ∈ M, we may assume {γ n : n ∈ ω} ∈ M. Since {γ n : n ∈ ω} is countable and belongs to M, it is a subset of M, that is, {γ n : n ∈ ω} ⊂ M, see Theorem 1.6 of [1] . Therefore we see that [0, γ ) ∩ M is unbounded in γ . Now let β < γ and take n ∈ ω with β < γ n . It follows from γ n ∈ M and the definition of u(β) that u(β) γ n . This shows γ /
Now we give Z the order topology. Note that this topology on Z is weaker than the subspace topology on Z of the
Since Z is countable, it is homeomorphic to a countable ordinal. In particular by Claim 1, Z is homeomorphic to a successor ordinal < ω 1 if cf γ ω 1 , and to a limit ordinal < ω 1 if cf γ = ω.
We consider the hyperspace Y = K(Z ). Since Z is second countable, by Proposition 4.5.2 of [7] , Y = K(Z ) is also second countable.
Now we investigate the relationship between X = K(γ ) and Y = K(Z ).
Obviously we have: 
that u is continuous. 
For d: Let α ∈ Z and β < d(α). By the definition of d(α), we can find
β ∈ α ∩ M with β < β + 1. Then β β ∈ M and (β , α] ∩ Z is a neighborhood of α in Z . Now we have d[(β , α] ∩ Z ] ⊂ (β , d(α)] ⊂ (β, d(α)], so d is continuous. 2
Claim 3. The functions u and d have the following properties:
(1) For every β < γ , d(u(β)) = sup{δ + 1: δ ∈ β ∩ M} β.∈ Z , if β < d(α), then u(β) < d(α) α. (4) If β < β < γ , α ∈ Z and d(α) ∈ (β , β], then α ∈ (u(β ), u(β)].
Proof of Claim 3. (1): Let
(4) easily follows from (2). 2
Then by the following general result,ũ andd are continuous.
Claim 4. For each continuous map h : S → T , defineh : K(S) → K(T ) byh(F ) = h[F ] for each F ∈ K(S). Thenh is continuous.

Claim 5.ũ : X → Y is quotient.
Proof of Claim 5. Let
. By Lemma 2, we may assume that V = {(β i , α i ]: i < n}, where n ∈ ω, {α i : i < n} and {β i : i < n} are decreasing sequences in γ such that:
Obviously these Subclaims complete the proof of Claim 5. 2
, where Q denotes the set of all rationals. By Lemma 2 and the continuity of f , we can find n ∈ ω and two decreasing sequences {α i : i < n} and {β i : i < n} of ordinals in γ such that:
Note that ω, Q and R (the set of all reals) are definable in H(θ ). Therefore To see that g is well defined, letũ(F ) =ũ(F ) = H . Then byd(ũ(F )) =d(ũ(F )) and Claim 6 we have f (F ) = f (F ). Therefore the value g(H) does not depend on the choice of F ∈ X withũ(F ) = H .
Sinceũ is quotient, f is continuous and f = g •ũ, we see g is continuous. 
